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We examine pressure-driven non-equilibrium transport of linear, circular and star polymers
through a nanochannel containing a rectangular pit with full hydrodynamic interactions and ther-
mal fluctuations. We demonstrate that with sufficiently small pressure differences, there is contour
length-dependent entropic trapping of the polymer in the pit when the pit and the polymer sizes are
compatible. This is due to competition between flow and chain relaxation in the pit, which leads
to a non-monotonic dependence of the polymer mobility on its size and should aid in the design of
nanofiltration devices based on the polymer size and shape.
PACS numbers: 05.40.Jc, 83.10.Rs,47.61.-k
Biopolymer transport in nano- and microfluidic chan-
nels involves competition between external forcing, sur-
face interactions and, possibly, entropic trapping. Care-
ful adjustment of the relative magnitudes between these
factors can result in unique transport characteristics
such as contour-length/structure based mobility [1–6],
helical coiling [7], pit-to-pit hopping in pressure-driven
flow [2, 8, 9], and electrophoretic mobility differences for
long DNA molecules [10, 11]. Electric field-driven sepa-
ration techniques have also been optimized for DNA [12].
Mikkelsen et al. recently demonstrated pressure-driven
DNA to exhibit clear mobility differentiation both as a
function of the degree of polymerization, N , and internal
structure (linear and ring with the same N) [2]. Their ex-
perimental arrangement consisted of an array of troughs
in which the chain was transiently trapped.
In this work, we show how a nanochannel with side-
walls and alternating sections of square narrows (“slits”)
and rectangular pits can be used for pressure-driven poly-
mer filtration (see Fig. 1). The change in the channel’s
cross section facilitates swelling of the chain in a time
frame dictated by a pressure differential and thermal fluc-
tuations, and it leads to non-trivial effects on chain mo-
bility as a function of N and chain structure. We also
test the validity of the threshold of minimal momentum
flux needed for a polymer to enter a narrow pore [13]
in our geometry. The threshold was recently found to be
accurate in simulations under body force driven flow [14].
However, a body force and a pressure differential are
not equivalent in a channel of varying cross-section as
the pressure drop per unit length decreases as the cross-
sectional area increases. We demonstrate that the trap-
ping effect here is due to competition between flow and
chain relaxation in the pit, leading to non-monotonic de-
pendence of the polymer mobility on the polymer size.
Polymer dynamics in confinement is affected by the
relative size of the channel and the polymer, the latter
of which is characterized in free space by the isotropic
radius of gyration, Rg. It is defined via R
2
g = 〈
∑N
n=1(rn−
rcm)
2〉/N , where rn is the nth monomer’s position and
rcm is the polymer’s center of mass. Applying a pressure
differential ∆p = p0 − p1 > 0 between the ends of the
system in Fig. 1 results in a polymer mobility defined as
µ = 〈vx〉/∆p, (1)
where 〈vx〉 is the mean (weighted spatial average over the
system) velocity of the polymer in the x direction.
The mobility depends on the relative magnitude of ∆p
and thermal fluctuations, which determine how quickly
the polymer can move perpendicular to flow streamlines.
Unlike the electrophoretic mobilities in Ref. [4] that were
determined theoretically based on an equilibrium bar-
rier crossing approach via the Fokker-Planck equation,
we are able to measure mobilities in the presence of non-
equilibrium flow effects, such as the polymer blocking
flow in the slit, as our methodology is not restricted to
near-equilibrium. Also, driving due to an electric field in
the slit only [4] is distinctly different from our case, where
e.g., there is always an upward force in the pit pushing
the chain toward the slit and the flow can unravel the
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FIG. 1. Flow is in the +x direction due to a pressure differ-
ential ∆p = p0−p1 > 0 between the ends. The cutout reveals
the polymer and the interior (created using VMD [21]).
ar
X
iv
:1
40
2.
59
37
v1
  [
co
nd
-m
at.
so
ft]
  2
4 F
eb
 20
14
2chain through tumbling affecting the escape dynamics.
We change the ratio of the competing factors contribut-
ing to µ by varying ∆p that results in a mean solvent
momentum flux j¯x we measure over a cross section A of
the channel and average over time:
j¯xA =
〈∫
A
ρ(r)ux(r) dA
〉
t
, (2)
where the local mass density and the components of
fluid velocity are denoted by ρ(r) and uα(r) with α ∈
{x, y, z}. The pit-to-slit transition has been examined
theoretically by Sakaue et al. using the blob theory [13].
Their result is that the momentum flux is able to make a
flexible polymer enter a narrows smaller than Rg provid-
ing the flux exceeds a threshold specific to the process.
We cast the threshold here in terms of the fluid momen-
tum density, jc, at the pit-to-slit interface as
jcA ' kBT/ν, (3)
where kB is Boltzmann’s constant, T the temperature
and ν the kinematic viscosity of the solvent. We empha-
size that Eq. (3) is independent of pore details and it is
obtained by assuming a very long polymer and the pro-
cess to be slow enough to be describable by a free energy
that exhibits a barrier of entry as a function of the partial
length of the pore occupied by the polymer.
In the absence of bias, the equilibrium barrier of entry
is dictated by the free energy difference, ∆F , between the
sections. Experiments can have a large ∆F by imposing
Odijk confinement in the narrows (of height comparable
to the chain persistence length lp) and de Gennes con-
finement in the pit (Rg > height > lp). Such a large
contrast is unfeasible for the coarse-grained model we
use here. However, we see sufficient contrast to clearly
illustrate the important factors driving the dynamics.
Our system is a channel with alternating segments of
slits and pits (Fig. 1). The slit has a square cross section
of size Ly × h = 4.9σ× 4.9σ and the pit has a rectangu-
lar cross section Ly × Lz,pit = 4.9σ × 25.6σ (this is the
space available for the polymer with the monomer-wall
interaction cutoff subtracted). The pit and slit lengths
in the x direction are Lx,pit = 27.6σ and 69.3σ, respec-
tively. σ = 1.5 nm defines the length scale in the 12-
6 truncated and shifted Lennard-Jones potential (LJ),
ULJ = 4((σ/r)
12− (σ/r)6 +1/4), where the energy scale
is  = kBT and T = 300 K. The polymer is modeled by
joining consecutive beads with a FENE bond [22] with
a maximum length of R0 = 1.5σ and a spring constant
of k = 32.6σ−2. The excluded-volume effect is realized
through ULJ between all monomer pairs. The channel
walls are made out of LJ beads with  as above and the
monomer-wall distance parameter set to σmw = 1.87σ.
We follow chains consisting of N=16 to 96 beads moving
in the channel with a skew-periodic boundary condition
(sPBC) splitting the narrows into halves of equal length.
A fluctuating Navier-Stokes solver is responsible for
both the Brownian and the advective motion the chain
undergoes. The solver is based on the lattice-Boltzmann
equation and equilibrium velocity fluctuations 〈u2α〉 ∼ T
in the fluid velocity arise from a random component in
the fluid stress tensor along with corresponding fluctua-
tions in higher moments [15]. The advective flow is due
to a pressure differential in the x direction set as an sPBC
through ∆p = (ρ0−ρ1)v2s , where ρi are the set mean den-
sities at the ends (see Fig. 1), and the equation of state
p = ρv2s (vs: speed of sound). An important physical
distinction is that the resulting pressure drop in the pit
is less than that in the slit while the mass flux stays con-
stant: unlike a body force, a pressure BC allows the fluid
to slow down when the channel’s cross sectional area in-
creases. The solvent couples to the monomers through a
hydrodynamically consistent scheme and provides a well-
defined hydrodynamic radius for the monomers [15–18].
There is a no-slip BC based on the mid-grid bounceback
rule on the walls. The kinematic viscosity in our simu-
lations is ν = 1403 nm2 ns−1, which is 1.4 times that of
water and the resolution of the LB mesh is ∆x = 1.0 nm.
To compute µ, we analyzed time series of the x com-
ponent of the chain’s CM coordinate, xcm. We adjust
the balance between entropic trapping and advection by
varying ∆ρ between the ends of the system relative to
the mean density from q ≡ ∆ρ/〈ρ〉 = 7.6 × 10−4 to
3.8 × 10−3. In the corresponding square channel (in
the absence of the pit), this range of ∆ρ would result
in a flow profile whose mean velocity 〈u〉 varies between
〈u〉/(√kBT/(〈ρ〉∆x3)) = 7.6×10−4 and 3.8×10−3. The
mean bias is chosen sufficiently small relative to veloc-
ity fluctuations in the solvent to allow for spontaneous
particle migration across streamlines. This has to be bal-
anced by an increase in runtime limiting us from going to
weaker driving which would give greater mobility differ-
entiation. The Reynolds number, Re ≡ Ly〈vx〉/ν, varies
between 0.002 and 0.016. We also define the Pe´clet num-
ber Pe ≡ Ly〈vx〉/D, whereD is the diffusion coefficient of
the chain in a corresponding level of slitlike confinement.
We find 1 ≤ Pe ≤ 25 for the range of ∆p considered.
We have determined µ(N) in the case of linear, star
and circular polymers. Mobility allows us to character-
ize polymer movement at different ∆p on an equal foot-
ing. This measurement is interesting since, if µ were to
depend on N , our system could be applied to polymer
filtration based on length or structure. Figure 2 shows
µ(N) for different ∆p. The ? indicate f -branch star poly-
mers of N = f Nf + 1 monomers (12 ≤ Nf ≤ 32), the ◦
are circular, and the other polymers are linear. We ob-
served no traces of entropic trapping at q = 0.0038 (data
not shown) as ∆p dominates the dynamics. This leads
to an N -independent value of µ as everything is flushed
through the system. However, at q = 0.0011 (), the sit-
uation becomes more interesting as µ(N) dips at N = 24,
then increases monotonically up to N = 64. The result
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FIG. 2. Polymer mobility µ as a function of (a) N and (b)
the relative chain size (q ≡ ∆ρ/〈ρ〉 = ∆p/〈p〉).
is significant as the error in the averages is smaller than
µ(64)−µ(24). Most significantly at the lowest ∆p, there
is a clear increase of µ(80)/µ(16) ≈ 1.45 in mobility (H).
The non-monotonicity for the  case illustrates the dif-
ferent driving forces on the chains: first, the time avail-
able to relax in the pit, and second, the entropic resis-
tance to exiting the pit. Both effects are impacted by the
variation in flow speed (the driving force) present in pres-
sure driven flow (as opposed to a constant body force).
The streamline velocity in the x direction is higher at
the top of the pit than at the bottom. Long chains have
higher mobility as part of the chain is always in the faster
moving streamlines at the top. Once any part of a chain
reaches the exit, it will experience an increasing force, as
it is blocking flow, until it is pushed out (a key differ-
ence between pressure driving and constant body force).
Given time for thermal motion to act, short chains can
escape the faster streamlines and thus spend more time in
the depths of the pit before wandering to the exit. Inter-
mediate length chains expand out of the fast streamlines
upon entering the pit which acts as a partial brake on
their x velocity, potentially giving them enough time to
migrate completely off the faster streamlines and into the
depth of the pit. So, for weak driving these effects are co-
operative and both favor short chains loitering in the pit.
However, for intermediate driving the short chains do not
have enough time to migrate out of the fast streamlines
and so exit rapidly. However, the “brake” effect of part of
the chain dipping into the slow moving flow for interme-
diate chain lengths can give them enough time to get out
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FIG. 3. Probability distribution of zcm in the pit for q =
0.0011 ( in Fig. 2). Note N = 24 has a peak at the bottom
of the pit and it also spends most time in the pit. Inset: resi-
dence time tR(N) in the pit (solid) and slit (hollow symbols).
tR increases especially for small N in the pit as q decreases.
of the fast moving streamlines entirely, thus making their
mobility lower than both short and long chains’. Reduc-
ing ∆p increases the time available for chains to migrate
off the fast streamlines and relax into the pit, which, in
turn, changes the µ vs. N data. Equilibrium barrier
crossing arguments become more valid as ∆p→ 0.
These aspects are visible in Fig. 3 in the probability
distributions of the z component of the chains’ CM co-
ordinate, zcm(N), in the pit for 16 ≤ N ≤ 48 even
at q = 0.0011. The distributions are consistent with
the corresponding  in Fig. 2 as the averages 〈zcm〉 =∫ z=Lz
z=0
zP (z) dz are ordered as 〈zcm(24)〉 < 〈zcm(32)〉 <
〈zcm(16)〉 < 〈zcm(48)〉 and so are the corresponding mo-
bilities. The inset of Fig. 3 shows chain residence times
in the pit (solid) and slit (hollow symbols) vs. N . Chains
slow down in the pit and the N dependence strengthens
for q = 0.00076. This change increases the time spent in
the pit (more than that in the slit) during which short
chains have a larger probability (Dcm ∼ N−ν) and ability
(Rg ∼ Nν) to move deeper into the pit.
The significance of Fig. 2 can be understood by relat-
ing it to experiments in terms of the degree of confine-
ment (C) and the geometry of the system. Stein et al. [1]
have determined experimentally the mobility of double-
stranded DNA in pressure-driven flow in slitlike silica
channels of height from dmin ≈ 0.2µm to dmax ≈ 3.8µm.
They found the mobility of 4µm to 22µm-long DNA to
be the same at dmin (due to identical dispersion charac-
teristics and concentration profiles in the channel), but
the mobility of the shortest chain dropped by 11% com-
pared to the longest at dmax. They related the drop
to an N -dependent density distribution stemming from
contour-length dependent Taylor dispersion only seen in
wide channels corresponding to C = Rg/d . 1.5 [1].
Here, we see a similar difference in µ(N) for a smaller
ratio between contour lengths and the same level of C
in the slit at q = 0.0015: µ(64)/µ(24) ≈ 1.14 and
C = Rg(24)/Ly ≈ 0.62, . . . , Rg(64)/Ly ≈ 1.1. At
4q = 0.00076, the ratio stays roughly the same, but the
monotonic increase in µ extends from N=16 to 80.
The mobility at larger ∆p is roughly constant for N ≥
80 independent of structure (number of branches). For
smaller N , Fig. 2(a) shows star polymers (f,Nf )=(3, 16)
and (4, 12) move at very different velocities. However, as
the mobility is plotted as a function ofRg/Ly in Fig. 2(b),
most star polymers with N < 64 or Rg/Ly . 1.0 have
mobilities very close to those of linear chains of the
same size. However, circular chains enter the narrows
of our system as a hairpin through pinching (by defini-
tion), whereas linear chains are required to fold to do
the same. This kind of dynamics suggests that circu-
lar chains should have higher mobilities than their linear
counterparts (in the hairpin there are always two parallel
strands in the slit, hence roughly twice the driving force
experienced by single-file motion). This is indeed what
we find in Fig. 2. These observations support the find-
ing in Ref. [2] that artificial nanotopographies can lead
to technologically significant mobility differentiation de-
vices based on internal chain structure.
The regime of validity of our simulation methodol-
ogy extends at least to C ≈ 3 within the de Gennes
regime (Ly/lp  C > 1) [19]. Our simulations indicate
that a nanopit array (height contrast Lz,pit/h ≈ 5.2)
with sidewalls leads at least to the same level of mo-
bility differentiation within the de Gennes regime as a
slit. However, Mikkelsen et al. [2] observed mobility ra-
tios up to 100 between linear DNA chains of lengths
165.6 kbp and 48.5 kbp for Lz,pit/h = 3 in an array of
troughs. Their work was distinctly different from ours
in two ways. First, their slit height was comparable to
the chain’s persistence length, which corresponds to the
Odijk regime [20]. Second, their pits were long troughs,
which impose no confinement in the y direction of Fig. 1.
We discuss the second aspect first. Mikkelsen et al.
found both linear and circular chains to escape the pit
either by its end (circular chain rolls out at both ends)
threading the pit-to-slit interface first (”sidewinder”
mode) or by the middle section of the chain forming a
hairpin and thus initiating the propagation (”tumble-
weed”) [2]. We have seen both modes in simulations
without sidewalls at q = 0.0015. Thus, the modes are
determined strongly by the value of C in the y direction.
However, the degree of mobility differentiation appears to
be dominated by the slit height, which we discuss next.
That µ(N = 48) through µ(96) is roughly constant
down to q = 0.0011 suggests that even j¯(0.0011) > jc
here, assuming jc is independent of N . However, the ra-
tio of h to the chain’s mean diameter, h/(2Rg), varies
from 0.9 (N = 16) to 0.3 (N = 96), making it debat-
able whether the slit in our system is small enough for
Eq. (3) to hold. Despite the prefactor in Eq. (3) being un-
known [13, 14], it is interesting to compare the prediction
of Eq. (3) for the threshold to the averages at different
∆p in our simulations. We have j¯(q = 0.00076)/jc = 0.5,
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FIG. 4. Polymer mobility versus the inverse of the slit height.
j¯(0.0011)/jc = 0.8 and j¯(0.0015)/jc = 1.1. These num-
bers and the constant value of µ(N = 48 − 96) for
q = 0.0011 suggest the prefactor is less than 0.5 for our
system. The weakest ∆p (H in Fig. 2) may be close
to a threshold for our system as the dependence µ(N)
strengthens compared to stronger driving.
Another adjustable feature in the channel design is the
pit depth Lz,pit, which in this work was optimized to pro-
vide a maximal downward solvent flux in the upstream
half of the pit in order to prolong the trapping time of the
polymer. Deeper pits do not result in additional down-
ward flux, but they do provide more space for the poly-
mer to take up. Thus, increasing Lz,pit could translate to
larger mobility differences as a function of N or possibil-
ities for intermittent chain extraction from the system,
and should be investigated in future work.
The free energy difference between the slit and the pit
can be increased by reducing h. The effect of h on µ
shown in Fig. 4 gives a decrease of roughly an order of
magnitude. In this case, the slit height decreases close to
that in studies of polymer translocation [23, 24]. Unfor-
tunately, a shallower slit would have made runtimes too
long, but it would have given a larger mobility difference.
Conclusions –We have studied the passing of a polymer
through a nanoarray in pressure-driven flow, and demon-
strated entropic trapping for Pe < 10. The observed
non-monotonic dependence of the polymer mobility on
its size can be greatly amplified in experiments, which
can access much smaller pressure differentials than sim-
ulations. The threshold value of ∆p, where the trapping
emerges, is interesting in its own right as it highlights the
role of the relevant system parameters, including the pit
size. Our results demonstrate the feasibility of building
simple but highly selective nanofiltering devices, which
can differentiate polymers based on their size and shape.
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